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Abstract—Maodern control engineering presents dynamical sys-
tems as systems with a well-defined time-constant for first
order ordinary differential equations (ODEs) and as systems
without a time-constant for second order ODEs. In this paper,
I present, for the first time, a new vision on control systems:
there is only one single and unique time-constant for a second
order dynamical system, whatever its damping ratio and natural
pulsation, thanks to a deep observation and contemplation of
solutions of second order ODEs. Thanks to this new approach,
one can compute, with precision, temporal (or frequencial) per-
formances for any given stable second order dynamical system.
Also, it is absolutely possible to design a second order dynamical
system with precision, by choosing the type of desired dynamics
(critically damped, overdamped, underdamped) and the desired
time-response or rise-time performance. Morever, a very simple
criteria of identification for second order ODEs is presented.

Index Terms—Ordinary Differential Equations (ODEs),
second-order, time-constant, surface time-constant, volume time-
constant, n-dimensional time-constant, circular trigonometry,
hyperbolic trigonometry, temporal performances, identification
ratio, system design, autonomous system, step response, DABO’s
Frame, DABO’s numbers.

I. INTRODUCTION

N this paper, I present a new way of computing, with
Iprecision, for any given stable linear second order dynam-
ical system, whatever its damping ratio and natural pulsation,
some temporal performances such as time-response or rise/fall
time at any given percentage of the output related to the
initial condition or equilibrium. I also present the way to do
identification from measurements and also how to design a
linear second order dynamical system with precise desired
temporal or frequential performances. I, first, give some def-
initions that I have introduced and present results for an
autonomous system, exploring the different cases of critically,
overdamped and underdamped systems. Finally, I give briefly
some formulas related to a step response, for any linear second
order dynamical system.

II. SOME DEFINITIONS

Consider a linear dynamical system of order n given by
following equation:
m 2
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anﬁj(t) N GQEQS(t) + ald—j(t) + ags(t) = be(t) (1)

where all a; # 0, for ¢ € [0..n] and b are all real numbers.
Dividing equation (1) by ag yields
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Then we define following constants for (2):

. Z—é is the line time-constant or the constant of the time-
line or the natural time-constant (unit in second)

. Z—i is the surface time-constant or the constant of the
surface of time (unit in second square)

. Z—g is the volume time-constant or the constant of the
volume of time (unit in second cube)

. ‘;—’; is the constant of the n-dimension space of time (unit
in second to the power n).

More generally, any given dynamical system in the sense of
differential equations, is the product of a vector of constants of
the different dimensions of time times a vector of the quantities
whose dynamics we wish to study. It is written as:
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where T is the vector of constants of the different dimensions

of time
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and ) the vector of the quantities (quantity to study and its
derivatives) whose dynamics we wish to study
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It is easy to notice that the left part of equation (2) is exactly

© equal to product 7.Q) in (3).
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III. SECOND ORDER LINEAR DYNAMICAL SYSTEMS

Consider a second order linear differential equation given
by:
d%s

d
azw(t) + ald—j(t) + aps(t) = be(t) (6)

where ag # 0, a1 # 0, a2 # 0 and b are all real numbers.
Variable ¢, representing time, is implicit, e(t), is the input and
s(t), the output.

Dividing equation (6) by ag yields

as d?s ay ds

ag dt?
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ag dt ag
where
o« T, = % is the natural time-constant
o« T, = Z—i, is the surface time-constant
e and G, = % the static gain.
Written in the classical way with natural pulsation w,, and
damping ratio £, both positive and different from zero, yields

2
%(t) + 2&%%(75) +wis(t) = bwie(t) (8)
or
1 d? 26 d
SO+ R s =be. )

Therefore, identifying the parameters between equations (6)
and (8) yields

a9 = 1
ar = 28wy (10)
ag = w%
which yield
o= a 28
n ao Wn
T an

Let define the relative time-constant as the ratio between the
surface time-constant and the linear time-constant. It is given

by:
Y Tr 1
T,=— = .
Tn 2€Wn

12)

Theorem 1. Let consider a liner second order dynamical
system given in (8). There exist, for such a system, only one
single and unique time-constant Ts equal to the double of the
relative time-constant 7, defined in (12):

1

o (13)

Ts = 27—7" =
A. Autonomous systems

Recall system (6) which characteristic equation is given by
following equivalent equations

CL2T2 +a1r+a0 = 0

r? + 2w, r + w2 =0 (14)
Lr242fr41=0
Let A be the discriminant:
A = a? — dazag = 46%wW? — 4w? = 4P (€2 —1).  (15)

Hence, we have the following three distinct cases (with w,, #
0):

ecase L A=0or £=1

ecase 22 A>0 o0r £€>1

ecase 3: A<0 or 0<é< 1.

1) Case 1: A =0 ou £ = 1: Therefore the roots of the
characteristic polynomial are double and equal to

7"1:7“2:7“:—&:—&1” (16)
2(12
which yields to solution
s(t) = " (Cyot + Cao) (17)

where C1y and Cyp are constants. This means that our sys-
tem lives on a linear world envelopped with an exponential
function.

The double root is represented as it follows

/
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Fig. 1. Roots position —&wy, on a frame.

For t = tp we have following relation (tp is the departure
instant)
S(tD) = SDp = ertD (ClotD + 020)

and
Chotp + Cog = SDpe*TtD. (18)

For the derivative term

%(t) = Cype"" +7(Cipt + Cyp)e™

& %(t) =" [Cro + 7 (Ciot + Cao)] .
For t = tp we then have
%(tD) = 5p, = €2 [C1p + r(Crotp + Cop)]

that is equivalent to

spve”""P = Cio + 1(Crotp + Cao). (19)

However putting (18) in (19) yields
spve " = Cig + r(sppe” ")

then
—rt
010:€ TD(SpvaSDp).



which gives

a1 a
Clo = e¥as P (SD@ + 15Dp> . (20)
2@2
From (18) we derive
Ltp 3=tD a1
Coo = sppe?*2 ® —tpe?ez Spyv+ =—SDp
2(12
oy a
& Oy = e%1'P (SDp —tpSpy — ltDSDP)
2(12
and
LtD a1
Coy = €292 |:8Dp (1 — f,D> — SthD:| . 21
20,2

Therefore (20) and (21) yield

a1 ai ai
Ciot4Ca9 = eZa2 P {t <5Dv + gSDp) + spp (1 — —tp) — SDutD}
2

20.2
Sl tp a1
& Crot+C20 = €272 {SDU(t —tp)+spp {1 + ﬂ(t - tp)] }
2
and then for £ = 1 we have

aj a
Q

S(t) = eimteﬁtD {SDv(t — tD) + Spp |:]. 4+ 271(15 — tD):| }
2

& s(t) = e2as (07 {st(t —tp) + sDp [1 + %(t — tD)} }
2

a1 _
<:>S(t) 262“2(tD R {SDU(t—tD)+5Dp—|—2aTlSDp(t—tD):|
2

and finally
S(t) = GJTIQ(tht) |:(t — tD) (st —+ ;2;st> + 5Dpj|
(22)
or
s(t) = [(t — tp) (8pv + Ewnspp) + spp) e~ t710) - (23)

For sp, = 0, one has the following expression, that is

5(t) = spp [1 + Ewy, (t — tp)] e Sont=to), (24)

Let us define v(¢;) a percentage of the response s(¢;) accord-
ing to the initial condition sp, at a given instant ¢; greater
than ¢tp during transient. Hence, from (24), it is equal to

V(t) = o = [ wn (t — tp)] S0P 25)
P
Put, for any given instant ¢;, such that t; > tp,
t,—tp = ar, = g% (26)

where « is a positive real number different from zero. Putting
(26) in (25) yields

v(ti) = [1 + fwnfzn] e—éwn(257)
and finally

v(@)=(14a)e @ 27
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Fig. 2. Percentage v(«) of the initial condition versus multiple « of the
time-constant sdp # 0, with sdv =0, £ = 1.

TABLE 1
PERCENTAGE 7(¢—1) OF THE OUTPUT RELATIVE TO THE INITIAL
CONDITION $pj, AS A FUNCTION OF THE SYSTEM’S TIME CONSTANT
MULTIPLE « (13) (WITH sp,, = 0 AND tp THE DEPARTURE INSTANT).

[A(@) ] 9 [ 90 | 8 |72 10 5 |
[ a [ 0356 ] 053] 0824 1 [ 3 ]38 4742 |

With expression (27), it is impossible to analytically derive
an « for a fixed desired percentage value ~. Therefore,
numerical resolving yields the following results in Table I,
for some percentages. A graphical representation is also given
in figure 2.

Note that, for any given percentage -y, during the transient,
it is possible to compute its corresponding unique value a.

Remark: for « = 1, we have a percentage that is 7 =
74%. In other words, like for a first-order dynamical system
for which the time-constant can be found at v = 37% (for
an autonomous system), for a second-order dynamical system
with £ = 1, we have v = 74% for an instant corresponding to
the time-constant defined at (13), for any given value of w,,.

a) Output time-response at a fixed percentage y¢—1: Put
tr.,, the time-response corresponding to percentage ;. Put a;
the corresponding coefficient of ;, see (27). Hence, the time-
response is given by
(673 (673

S (28)

Wn

because £ = 1.

TABLE I
TIME-RESPONSE tr’Yi AT A FIXED PERCENTAGE y; FOR £ = 1.

l tTQS [ tTQO [ tTSU [ tT74 [ tTQO [ trlO [ tT‘S l

Wy, Wn, W, Wy,

As an example, consider following dynamical autonomous
system given by

d?s ds

—(t) + 10—

dit? )+ dt

By analogy with (8) one has £ = 1 and w, = 5. Hence,

referring to Table I1, the time-response ¢,, at 5% of the initial

(t) + 25s(t) = 0. (29)



condition of the variable (we suppose the initial condition of
the first derivative equal to zero) is given by

tr. :@:%%QZBmS.
° Wn, 5
By the way,
0.356  0.356
trgssz?%7lms
and
1 1
t1"73_58 = ; = g = 200 ms.

We confirm this result with simulations, presented in figure 3.
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Fig. 3. time-responses for the dynamic of system (29) with sdp = 1, sdv =
0, ¢ =1 and w, = 5 rad/s.

b) Output rise/fall time between two distinct percentages
(for € = 1): By the same way, we can also derive from Table
I and equation (26) the rise/fall time between two different
percentages ; and ~y;(27).

TABLE III
RISE/FALL TIME t"'f’v‘/’v ~ BETWEEN TWO DISTINCT PERCENTAGES 7; AND
/g

7; FOR§ = 1.

l trfos s [ trfo0,10 [ brfs0/20 ‘

As an example, recalling system (29), we have following
rise/fall time values

4386  4.386
trf95/5 = o = 5 ~ 877 ms
d
an 336  3.36
trfgo/m = o = 5 ~ 672 ms

that are confirmed with the values on figure 4.
c) Identification criterion for a second order dynamical
system with € =1 :

Theorem 2. Let Rg/(g;l) be the ratio between two distinct
relative instants t; and t; such that tp < t; < t;. We define
it as

pae=y _ Liztp _ ai

= 30
RARE tj —tp (&7 ( )
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Fig. 4. Fall times for the dynamic of system (29) with sdp = 1, sdv = 0,
¢ =1 and wy, = 5 rad/s.

where, referring to (26), the relative time-response at a fixed
instant is given as

tij—tp= oL (31)

We then have the following table of ratios that one can use
for the identification of a second-order dynamical system with
a damping ratio of £ = 1.

5 ,TABLE IV
IDENTIFICATION RATIO R’YE?’Y_J ) BETWEEN TWO DISTINCT PERCENTAGES

7i AND 7y; DURING TRANSIENT FOR E=1.

l Rgs 5 [ Rgo 10 [ R%O 20 ‘
[ 228 —0.075 | 258 =0.136 | 2821 = 0.275 |

Hence, any given autonomous system for which the different
ratios of time at the fixed percentages are equal to the values
in Table 1V is a linear second order system with a damping
ratio of 1.

As an example for identification, consider any given re-
sponse (data with time) of an autonomous second order system
with the initial condition sdp = 1, sdv = 0, £ = 1 and
any given natural pulsation. Analyzing those data based on
the defined above ratios, yieds to the expected results. And
then confirming the damping ratio of £ = 1, one can derive,
from any chosen time-response of table /1, the system natural
pulsation.

d) Design of a second order linear dynamical system with
& =1 : It can be done on the basis of performances of time
or those of natural pulsation.

Time-based performances design: our goal is to have a fixed
desired time-response or rise/fall time. Going from tables 17
and II1, one can fix the desired temporal performance (with

& =1) such that
@
tles = —

(32)

Therefore w,, is derived precisely. What yields to a complete
dynamical system with & = 1.



As a first example of design: we want a dynamical system
with a damping ratio of £ = 1 (no overshoot on our system)
and a time-response at 5% (of the initial condition) of 562 ms.
Refering to table /7, one has

4.742 - 4.742

rs — T Wn = ——~

° Wn, 0.562
Choosing this value implies a fall time between 95% and

5% equal to

~~ 8.438 rad/s.

4.386  4.386
tf95/5 = ? = m ~ 520 ms.

One can see, through this example, that it possible to design
precisely any desired dynamical system thanks to this new
approach I have introduced. See figure 5 for illustration.
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Fig. 5. Desired time-response-based design for a second order dynamical
system with sdp =1, sdv =0, £ = 1.

As a second example of design: we want a dynamical
(autonomous) second order system with a fall-time that is

lrgo a0 = 263 ms. Then, from table 111
2.176 2.176
trf80/20 = T & Wy = 0.263 ~ 8.274 rad/s.

As an illustration of this result, see figure 6.

Natural pulsation-based performance design: with this de-
sign, one is able to fix the desired value of natural pulsation
of our system with a damping ratio of £ = 1.

As an example, let us fix the desired natural pulsation value
equal to w,, = 15 rad/s. This implies different time-responses
that are:

4.742 4.742
s :Tn:Tc}t”’ ~ 316.1 ms
3.89  3.89
try = Tn = 15 & try, ~ 259.3 ms
0.53 0.53
troo = o =15 & try, ~ 35.3 ms
and finally, (determining the right o from (27)
1.897  1.897
T43.46 T = 175 & trg, N 126.5 ms.
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Fig. 6. Desired fall-time-based design for a second order dynamical system
with sdp =1, sdv =0, £ = 1.
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Fig. 7. Impact of natural pulsation-based design on the time-responses with
sdp=1,sdv=0,€&=1.

2) Case 2 : A >0 ou & > 1: Therefore the roots of the

characteristic polynomial are distinct and real
—a;—VA

™= 2a2 ™ = 7§wn — Wn/ 52 -1
or
To = _QEZQ\/Z T2 = _fwn + wn V §2 -1
Putting
u = —Ewp
(33)
v=wpyE? —1
yields
s(t) = C1pe™ sinh (vt + Cyp) 34)

where the C;, are constants with ¢ = 1,2. This means that
our system lives in a hyperbolic world envelopped with an
exponential function. I choose to present the roots in a new
frame that I call DABO’s frame with a new family of numbers
that I call DABO’s numbers.

Definition 3. Let us consider a linear second order dynamical
system as presented in (6). I define DABO’s numbers (or
real conjugated numbers) as any pair of solutions of the



characteristic equation of (6) whose discriminant is strictly
positive.

Let define z; = a — b and 22 = a + b, where v = 1, a
and b two real numbers. Hence we have following properties:

1) Sum: z1 + 22 =a—vb+a+vb=2a

2) Product 2122 = (a — b) (a + vb) = a® — b?

3) Difference 21 — 20 =a—vb—a—~vb=2vb=2b

4) Module | z1 |=]| 22 |= Va? + b2

5) If zy = a — b is a root of the characteristic equation
with real coefficients, then zo = a + b is also a root
for the same equation.

This yields, then, to following framework, see figure 8

2
—wny &5 -1

Fig. 8. Roots position on DABO’s frame.

For t = tp, one has
s(t=tp)=Spp= C’lpe“tD sinh (vtp + Cap)

and finally

. SDpe_UtD
Clp o sinh (UtD + Czp) ' (35)

The derivative of (34) is given by
d
—s
dt
what is equivalent to

%s (t) = e“'Cyp [usinh (vt + Cap) + v cosh (vt + Coyp)]

(t) = C1p [ue* sinh (vt + Cyp) + ve™ cosh (vt + Cap)]

and for t = tp we have %s (t=tp) = spo.
Therefore

spy = "' Cyy, [usinh (vtp + Cap) + veosh (vtp + Cayp)] .-
(36)
Putting (35) in (36) yields

_utD) cosh (vtp + Cap)

Spy = USpy, + v (e“*Pspye -
by br ( br sinh (vtp + Cap)

and finally

_ Spy — USp
Csp = coth 222 222 ) otp.
USpp

(37

Hence, we have

inh [ t—t th™! (7513““5’%)}
sinh |v ( p) +co wli—tn)

VSDp
e

sinh {coth_1 (;vaus[,p )]

VSDp

s(t) = spp
(38)

or, putting (33) in (38) yields

. _ 2 _ —1( 8sDvt+€wnspp

smh[(t tp)wny/E 1 + coth (731317%\/527_1)]

. h|: th—1(5D1)+€w’VLSDp )]
simn {co 75Dpwn\/§27—1

s(t) = spp

X e*ﬁ“’n(t*tD).
39)
For sp, = 0, equation (39) becomes

e~ Een(t=tp)
s(t) = spp 7

x sinh |:Wn (t —tp) /€2 —1+coth™! <\/£§7_1>}

(40)

because
sinh [coth1 <£§1>1 =& -1

Therefore we define, as for (25), a percentage ~(t;) of the
response s(t;) according to the initial condition sp,, at a given
moment t;, greater than ¢p, during transient. Hence, it is equal

to
s (t;
v(ti) = (t:)
SDp
and then
Sinh[(ti - tD)wn\/g?j +coth™! (m)}
y(t;) = sDpwny/E2—1

. —1 5Dv+§wnst )i|
smh{coth (731310%\/52;71

x e~ §wn(ti—tp)
41)

Using the same paradigm as from relation (26) yields the
following

sinh [a \/ii + coth™* (M)}
SDpwn\/gzifl

. -1 SD’1r+£wn,st)i|
smh{coth (?Dpwn\/@j

’Y(O&,f) = (42)

—Q

X e
From equation (40) and considering relation (26), one has
—_— eia
-1
. V-1 -1 €
X sinh |@~—=—— 4 coth _— .
l € Ve -1

¥(e, §)

(43)

A representation of this percentage is given in figure 9, for
some values of the damping ratio: £ = 1.2, £ =1.45, £ = 1.7
and £ = 1.95.



Percentage v vs time-constant multiple o for {£>1
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versus multiple « of the time-constant (sdp # 0, with sdv = 0, £ > 1).

Hence, searching numerically for the right « for the corre-
sponding fixed -, we have the following table given for some
damping ratio values. But, of course, o can be computed for
any given value of the damping ratio £ > 1.

TABLE V
PERCENTAGE Y(¢>1) OF THE OUTPUT RELATIVE TO THE INITIAL
CONDITION spj, AS A FUNCTION OF THE SYSTEM’S TIME CONSTANT
MULTIPLE « (13) (WITH Sp, = 0 AND tp AN ARBITRARY DEPARTURE
INSTANT).

[ (@ [ 95908 [ 20 |
Qg—=1.1 0.4 0.6 0.9 3.6 4.8
a§:1_25 05 07 1.1 47 65 82

Qe_15 | 06 |09 [ 14 ] 69 | 97 | 123

Q175 | 07 | 1.1 [ 1.8 [ 95 | 134 | 173

ae_19 | 08 | 12| 2 [11.3 [ 159 | 206
Following table presents, for some damping ratios, the

percentage at which one can find the exact value of the second-
order time-constant as defined in (13).

TABLE VI
SOME VALUES OF PERCENTAGE 7(¢>1) AT A RELATIVE MOMENT
(t; —tp = &%n) THAT IS EQUAL TO THE DEFINED SYSTEM’S
TIME-CONSTANT (13) FOR SOME DAMPING RATIO VALUES (WITH s, = 0
AND tp AN ARBITRARY DEPARTURE MOMENT).

[(€ JI1[125]15 175 1.9 |
[v(%) [ 78 1 83 [ 8 [ 91 [ 923 ]

More generally speaking, just put & = 1 for any given £ > 1
in equation (43) and finally one have

o ()]

sinh

13 21

&> 1)q=1 =0.37
»},( > ) 1 52 :
(44)

a) Output time-response at a fixed percentage v¢~1 : It
is defined as done for formula (28).
As an example, let us consider following system
d%s

— () + 15§(t) + 15s(t) = 0.

4
dt? dt “5)

TABLE VII
NATURAL PULSATION TIMES TIME-RESPONSE AT A FIXED PERCENTAGE 7y
VERSUS DAMPING RATIO.

[ £ [11]125] 1.5 J175 [ 1.9 |
Wntrgoe | 69 | 84 [ 10.7 [ 128 ] 145
Wntrges | 55 | 66 | 82 | 9.9 | 10.8

Wntrioono | 44 | 52 | 64 | 7.7 | 84
Wntrioo/mo | 33 | 38 | 46 | 55 | 6.0

We derive, by identification of equation parameters, that
wn, = V15 &~ 3.873 rad/s

and

15
= ——— =~ 1.9365.
¢ 2x4/15
Let us compute time-responses at different chosen percent-
ages of the output related to the initial condition.

« time-response at 5% is given by
as 31415
Cwy,  1.9365 * 3.873

« time-response at 39.33% is given by
; _ @39.33 _
78953 Ewn 1.9365 x 3.873

where a5 = 21.415 and a39.33 = 7.057 are both computed,
numerically, from (43). The computed time-responses are then
confirmed by simulation. Refer to figure 10.

~ 2.855 s.

tr, =

~ 941 ms.
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Fig. 10. time-responses for the dynamic of system (45) with sdp = 1,

sdv =0, £ = 1.9365 and w,, = 3.873 rad/s.

b) Output rise/fall time between two distinct percentages

(for £ > 1) : For two distinct fixed percentages 7; and ; the
rise/fall time is computed as following:

tygy, = b — b - M

T fwn Ewn §wn
which yields to following results for some fixed percentages
Recall system (45). Its fall time between 77.03% and
16.88% can be computed as following:

(40)

tf??.os/m.ss -

a16.88 — A77.03 o 12.945 — 2.368 -
Ewn T 1.9365%3.873
This result is confirmed in figure 10.
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NATURAL PULSATION TIMES RISE/FALL TIME BETWEEN TWO DISTINCT

TABLE VIII

FIXED PERCENTAGES 7; ; VERSUS DAMPING RATIO.

l I3 [ 1.1 [ 1.25 [ 1.5 [ 1.75 [ 1.9 l
wnlyfog/2 6.7 8.2 10.4 12.6 13.8
wnlyfo5/5 5.1 6.2 7.8 9.5 10.4
wnlyrfo0/10 3.9 4.6 5.9 7.1 7.8
wnt»,«fso 20 2.5 2.9 3.7 4.4 4.9

c) Identification criterion for a second order linear dy-
namical system with & > 1 : It is done following the same
principle as the identification for a damping ratio £ = 1
presented previously. Hence, in table I X are resumed the dif-
ferent values of the identification ratio at different percentages
and for some damping ratio.

TABLE IX
IDENTIFICATION RATIO VALUES FOR SOME DAMPING RATIO VALUES.
[ € [ 11 [ 125 15 [ 175 [ 19 |
RZ,, | 0.03 | 0.026 | 0.021 | 0.0178 | 0.0163
RZ; 5 | 0.065 | 0.055 | 0.046 | 0.039 | 0.036
RZ, 10 | 0.123 | 0.106 | 0.09 | 0.079 | 0.074
RZ, 5, | 0.256 | 0.233 | 0.206 | 0.187 | 0.18

d) Design of a second order linear dynamical system with
& > 1 : It can be done on the basis of performances of time
or on those of natural pulsation.

Time-based performances design:

Recall the given example for the case ¢ = 1. Our fixed
goal is to reach a time-response at 5% of the initial condition
sdp =1 that is equal to 562 ms. Let us put, for this example,
& = 1.75 (an overdamped system). We then have following
natural pulsation, refer to table VII:

99 99
briooss = - Wn = Gees

Plotting system response versus time for both pairs of
damping ratio and natural pulsation (¢ = 1, w,, = 8.438 rad/s
and £ = 1.75, w, = 17.6157 rad/s) confirms that we get our
desired time-response that is ¢, = 562 ms. See
figure 11.

We can see that, whatever the damping ratio, it is possible to
reach a fixed time-response value using our appropriate precise
formulas for design.

Natural pulsation-based performance design: fixing a de-
sired value for natural pulsation together with a damping ratio
yields to specific time-responses, as seen in the previous case.

As an example, let us fix the desired natural pulsation value
equal to w, = 15 rad/s and a damping ratio of £ = 1.632.
This implies different time-responses that can be computed as
it follows:

~ 17.6157 rad/s.

= tfmo/s

14.878

as 9.12

t, = 25 _ 22000
P fw, 1.632w, W,

& tp, ~ 608 ms
and

42 - 4.73 - g

= a2 200 ~ 193
2 o T 1.632wn  wn s

St

T42

Output response versus time

Equilibrium
- = =175
—
X 0.5622
Y 0.0500009
0 ~—
I I I I I I
0.5 1 1.5 2 25 3

Time (s)

Fig. 11. Desired time-response-based design for two second order dynamical
systems with sdp = 1, sdv = 0, & = 1 (continuous line) and £ = 1.75
(dashed line).

with a5 and aye computed, numerically, from equation (43)
with £ = 1.632. See figure 12 for an illustration.

The choosen percentages shown here is to demonstrate to
the reader that, it is possible, with our innovation, to compute
precisely time-responses whatever the point on the response
curve in the transient.

Output vs time
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Fig. 12. Impact of natural pulsation-based design on the time-responses with
sdp =1, sdv =0, £ = 1.632.

3) Case 3 : A <0 ou £ <1 : Therefore the roots of the
characteristic polynomial are distinct and complex conjugate

—a1—1iv/|A| ;

= 12T —an\/l—gz
ou

TQZw VIA| r2:_£wn+iwn\/l_£2

2a
and the solution of the autonomous system is given by

1 T = _§w7n

s(t) = €"*Cyyp sin (vt + Cay,) (47)
where the C, are constants with ¢ = 1,2 and u = —{w,,
and v = w, /1 — £2. What yields
u 3
—_— = (48)
v V1—¢&2



/ 3
— Wny 1 —¢&=

Fig. 13. Roots position on the complex frame.

For t = tp, one has

s(tp) = spp = "' Cyysin (vtp + Cay)

SDpefutD

sin (UtD + an) ’ “49)

1n —

The derivative of the output is equal to:

ds

—(t) = Cn [ue

p “sin (vt + Cay) + ve™ cos (vt + an)]

ds

& —(t) = ue* Cyy, sin (vt + Cay, ) +ve" Oy, cos (vt + Coay,) .

dt

For ¢ = tp, one has:

S 2
E(tp) = ue"'D Oy, sin (vtp + Capn)4+ve™" P Chy, cos (vip + Con) = Spo.

From (49), we have

ste_“tD = Chpsin (vtp + Cap,)

and consequently

SDpe_utD

sin (vtp + Can)

utp

—ut ¢
spy = ue“"Psppe” P 4+ pe"'P cos (vtp + Cay)

& Spy = uSpy + ve" P spye P cot (vtp + Cay)

SDv — USDp

= cot (vtp + Cap)
USDp

_ Spy — SDpU
vtp + Oy = cot ™! [ 222
SDpU

hence

Copn = cot™! (st_stu> —vtp. (50)

SDpU

Finaly, for

s(t) =

sin (vt + Cay,)
sin (UtD + an)

utefutp SDp

that gives, with equation (50),

VSDp

ot = (ststpu)}
sin {v( p) +co “ooe )] ateetn)

s(t) = spp
sin [cot’1 (wﬂ
VSDp
(5D

or

3i o (t—t 1_¢2 t—1 [ SDvtsppEun

sin [w ( D) \/75-1-00 (SDW" i

S(t) :SDp

; —1 ( SDvtsDpéwn
sin [cot (SDpwn %152)]
X e_gwn(t_tD).
(52)

what gives, for Sp, = 0 and Sp, # 0 that

sin [wn t—tp)/1— €2+ cot™? (F)]

1—¢2
sin [cot_l (\/f?)]

s(t) =spp

x e Swn(t=tp),
(53)

or

0 e—€wn(t—tp)
s(t) =$pp—F——=
Dp /71 — §2
: - £
xsin |wp (E—tp)v/1—€2 +cot™ | —— | | .
(54)
because
sin [Cot1 (ﬁ)] =4/1-¢&2,
Therefore we define, as for (25), a percentage y(t;) that it
is equal to

i — _ g2 1 [ spvtsppéwn
sm[t tp)wny/1— &2+ cot™ (SDpwn\/@)}

s —1 SDUJFSD})EUJH
sin [cot <5Dpwnm>]

x e~fwn(ti—=tp)

y(ti) =

(55)

Using the same paradigm as from relation (26) yields the
following

sin [a v —i— cot™! (SD“JFSD"@” )]
SDpWn 1/ 1 52

5
cot™1 SDv+SDpEwn
Sppwny/1— ";:2

Y(a,§) =

(56)



From equation (54) and considering relation (26), one has

¥(e, §)

6706

i

X sin |«

(57)
1-¢ -1 3
“+—— 4 cot —_—
3 V1—¢2
A graphical representation of (57) is given in figure 14, for
some values of the damping ratio: £ = 0.2, £ = 0.45, £ = 0.7
and ¢ = 0.85.

Percentage v vs time-constant multiple a for ¢<1
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Fig. 14. Percentage (&, o) versus multiple « of the time-constant sdp # 0,
with sdv =0, § < 1.

Please note that, from relation (57), it is possible to com-
pute, numerically, all values of « for any given percentage
Ye<1 during transient.

TABLE X
PERCENTAGE 7(¢<1) AS A FUNCTION OF THE SYSTEM’S TIME-CONSTANT
MULTIPLE o (13) (WITH sp,, = 0 AND tp AN ARBITRARY DEPARTURE

INSTANT).

[ v(a) [ 95 [ 90 [ 80 [ 20 [ 10 [ 5 ]
ag—0.05 | 0.016 | 0.023 | 0.032 0.07 0.076 | 0.078
ag—0.35 | 0.115 | 0.166 | 0.244 | 0.591 | 0.652 | 0.685
Qe=0.7 0.24 0.353 | 0.532 | 1.563 | 1.841 | 2.029
ag—0.85 | 0.297 0.44 0.672 2.19 2.706 3.13
ae—0.97 | 0.343 | 0.513 | 0.793 | 2.818 | 3.627 | 4.384

Table X1 presents, for some damping ratio values, the
percentage at which one can find the exact value of the second-
order time-constant as defined in (13).

TABLE XI
SOME VALUES OF PERCENTAGE (¢ <1) AT A RELATIVE MOMENT
(t; —tp = w#n) THAT IS EQUAL TO THE DEFINED SYSTEM’S
TIME-CONSTANT (13) FOR SOME DAMPING RATIO VALUES (WITH s, = 0
AND tp AN ARBITRARY DEPARTURE MOMENT).

[ € [005]035]0.7]0.85]0.97]
[v(%) [ 175 [ —27 [ 50 [ 644 | 72 |

In general, just put & = 1 for any given £ < 1 in equation
(57) and finally

\/1-€2 _ ¢
g et (w—s?ﬂ (58)
V1= '

sin [
Y(€ < 1)q=1 = 0.37

a) Output time-response at a fixed percentage Ye<1: It
is given by the expressed formula in equation (28). Hereunder
is a table of time-response versus damping ratio and natural
pulsation.

TABLE XII
NATURAL PULSATION TIMES TIME-RESPONSE AT A FIXED PERCENTAGE
VERSUS DAMPING RATIO.

[ g [ 01 [ 05 [ 07 [ 085 [ 095 |
Undershootl% | —72.92 | —16.30 | —4.6 | —0.63 | —0.01
Wntrfro0/ 1.66 | 2354 | 3.109 | 4.188 | 5.263
Wntrf1o0/s 162 | 2264 | 29 | 3.682 | 4.372
wWnlrfi00/10 1.56 2.126 2.629 | 3.185 3.642
wWnlr 10020 1.45 1.886 2.233 | 2.578 2.851
Consider following dynamical system:
d*s ds
—(t) + 5.42—(t) + 15s(t) = 0. (59)

dt?
By identification, one has

dt

w, = V15 ~ 3.873 rad/s
and

15
 2%4/15

From table X 11, one has the system time-response at 5%
that is

£ ~ 0.7.

29 29
tp, = — = ——— ~ 749 ms.
5T wn | 3873 ms

And, deriving numerically, the right value for « from (57)
the system time-response at 63% is given by

1139 1.139
T T, 3.873

The computed time-responses are then confirmed by simu-
lation. Refer to figure 15.

~ 294 ms.
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Fig. 15. Time-responses for the dynamic of system (45) with sdp = 1,
sdv =0, £ =0.7 and wy,, = 3.873 rad/s.



b) Output rise/fall time between two distinct percentages
for & < 1: For two distinct fixed percentages v; and -, the

rise/fall time is computed as following:

.

- - O[j — Oy
tr/f’h‘,"fj - é‘wn e,

Q;
§wn,

Ewn
which yields to results in table X I71.

TABLE XIII

NATURAL PULSATION TIMES TIME-RESPONSE AT A FIXED PERCENTAGE

VERSUS DAMPING RATIO.

Output response versus time

Equilibrium
£=0.7
- = =¢=175
E—

(60)

X 0.5619

Y 0.0500582
[ 3 [ 01 [ 05 [ 07 [ 085 [ 095 ] 0 S
Undershoot1% | —72.02% | —16.30 | —4.6 | —0.63 | —0.01
Wt 032 1.46 2.148 | 2.889 | 3.975 | 5.05 - : - : - :
Wty fos/5 13 1.098 | 2.557 | 3.334 | 4.018 ' Time (s) '
Gty 190/10 11 1638 | 2.124 | 2.668 | 3.114
Gty £50/20 0.79 1162 | 1.473 | 1.787 | 2.037

Recall system (59). Its fall time between 95% and 5% can

be computed as following:

2.557  2.557

= 2 .
3873 660.2 ms

This result is confirmed with data tips in figure 15.

tfgs/s T W
n

c) Identification criterion for a second order linear dy-
namical system with £ < 1: As for the previous cases, refer

to table X IV for some damping ratios.

TABLE XIV

IDENTIFICATION RATIO VALUES FOR SOME DAMPING RATIOS § < 1.
[ € [T o1 [ 05 [ 07 | 08 [ 095 |
R3so | 0.121 ] 0.088 | 0.068 | 0.0178 | 0.041
R3;; [ 0.198 | 0.148 [ 0.118 | 0.039 | 0.081
RZ,., | 0203 ] 0.23 [ 0.192 | 0.079 | 0.145
RZ, 50 | 0.455 | 0.383 | 0.34 | 0.187 [ 0.285

d) Design of a second order linear dynamical system with

& <1 : It can be done on the basis of performances of time
or on that of natural pulsation.

Time-based performances design:

Recall previous example for which £ = 0.7 (59). Our fixed
goal is to reach a time-response at 5% of the initial condition

sdp = 1 that is equal to 562 ms. We then have following
natural pulsation, refer to table X171

2.9
tfwo/s =
n

29
“n = 0562

One can notice that, despite of different values of the damp-
ing ratio, we have exactly the same desired time-response.
This result is possible thanks to my precise design formulas.
Simulations are done with following pairs: £ = 0.7, w, =

5.16 rad/s, ¢ = 1, w,, = 8.438 rad/s and & = 1.75, w, =
17.6157 rad/s.

~ 5.16 rad/s.

Of course, this result can be generalised for any desired
time-response with any desired profile of response (critically
damped, underdamped and overdamped systems) for the stud-
ied system.

Natural pulsation-based performance design: As the two
previous examples, let us fix the desired natural pulsation value

Fig. 16. Desired time-response-based design for three second order dynamical

systems with sdp = 1, sdv = 0, £ = 0.7 (dash-dot line), £ = 1 (continuous
line) and & = 1.75 (dashed line).

equal to w, = 15 rad/s and a damping ratio of £ = 0.437.
This implies different time-responses that can be computed as

it follows:
oy 0.906
tp, =——=—""+—+%1t, ~138.2
" fwn  043Tx15 T e
and

", T 04T w1 e T ABZMS

where a7 and ags are both computed, numerically, from
equation (57) with £ = 0.437. See figure 17 for an illustration.
The choosen percentages shown here are to demonstrate to
the reader that, it is possible, with our innovation, to compute

precisely time-responses whatever the point on the response
curve in the transient.

Output vs time
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Fig. 17. Impact of natural pulsation-based design on the time-responses with
sdp =1, sdv =0, £ = 0.437 and w, = 15 rad/s.

4) Summary for autonomous systems: Please notice that the

autonomous system responses are all enveloped by the same
exponential function and multiplied by:



« an affine function of time for a critically damped system

€=D

s(t) = spp [1 + &wn (t —tp)] e~ &wn(t=tp) (61)

« a hyperbolic function of time for an overdamped system

€>1

( ) e_gwn(t_tD)
s(t) = sp
P 21

x sinh |wn (t —tp) /€2 — 1+ coth™? (\/557_1>:|
(62)

e and a circular function of time for an underdamped
system (£ < 1)

e_gwn(t_tD)
SDpﬁ

X sin |fml (t—tp) /1 —&2+cot™ <\/1£_7§2>‘| .

(63)

s(t) =

with sp, # 0 and sp, = 0.

We can say that a linear second order dynamical system,
according to its damping ratio, lives in three different worlds:
the affine world, the circular world and the hyperbolic world.

B. Step responses

In the case of an input signal e(t) = K for our system (7),

bKy

as d?s

ay ds _
ag di2 (t) +s(t) (64)

;OE B ao

we have following responses for the different cases related
to the damping ratio with all initial conditions of the variable
and its derivative equal to zero (spp, = spv = 0).

o For a critically damped system (£ = 1)
_ bK,

s(t) [1 —[1 4 &wp (t —tp)] e*ﬁw'"“*tD)} . (65)

ao

o For an overdamped system (£ > 1)

(1_

o And for an underdamped system (£ < 1)

bK e—€wn(t=tp)
s(t) = e~ 7

aq 52_1

bK e—Ewn (t—tp)
s(t) = ——

K,
ag (17 V1 — g2

It is easy to notice that the equilibrium is equal to Fq =
%. Please note that all fixed percentages, for which different
temporal performances have been evaluated for autonomous
systems must be exactly the complement at 100% in the case
of step responses.

sin |:wn (t—tp)y1-— &2 + cot ™1 (\/15_7)})
)

(

IV. CONCLUSIONS

In this paper I have shown that it is possible to compute,
precisely, temporal performances for any given stable second
order linear dynamical system whatever its damping ratio and
natural pulsation parameters. This is possible because I have
introduced a new important result: there is only one single and
unique time-constant for any second order ordinary differential
equation. It is also possible because of a new paradigm that
is any linear second order dynamical system, while evolving,
makes steps in time that are multiples of its own time-constant
as I define it for second order ODEs.
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